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1 Nambu-Gor’kov Green’s functions

Here we derive the Nambu-Gorkov Green’s functions and self-consistency equation for the gap equation.

1.1 Anomalous Green’s Function

Consider the reduced BdG Hamiltonian kernel in ¥ = (c,c’)T Nambu space. Here, ¢, is the annihilation
operator, in which label p runs over any internal degrees of freedom (spin, orbital, valley, etc.). The BAG
Hamiltonian kernel may be expressed as

Hin A
HBdGZ( Akf Vs > (1.1)

Here, Hyin q(v) represents the corresponding band Hamiltonians. Note, that we have disregarded the overall
factor of 1/2 in this convention.
Consider Nambu Matsubara Green’s functions,
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with 7 being the imaginary time-ordering operator. G, and G, are the particle-like and hole-like Matsub-

ara Green’s functions, and F, (1) = —(Trc.(7)c,(0)) is the anomalous Green’s function. The hole-like
Matsubara Green’s function is related by
G () = —(Trcf (1) (0))
= +(Tre, (0)c (7))
= +(Trcu(=7)c],(0)
=-G,(-7) (1.3)

Hence, we express the Nambu-Gorkov Green’s function as

OBac(T) = ( J—%}((:)) g]:—pr((T)T) > . (1.4)

Time evolution is defined as ¥(7) = efTWe~H7 in the imaginary-time representation.

We solve in imaginary frequency space using equations of motion. As we are working with the mean-field
BdG Hamiltonian which can be regarded as a non-interacting Hamiltonian, the Nambu-Gor’kov Green’s
function is given by

GY(r) = ~0, — Hpaa, (1.5)
where i0; = 10_;; = —0,. Rewriting in terms of imaginary frequency, the inverse Green’s function is given
by

Gpiq(iw) = iw — Hpaa (1.6)

in which we have used G(7) = %ZM e~ “nTG(iw). Similarly, we define the Green’s functions for the band
Hamiltonians to satisfy

(iw]l — ’Hkin)gkin,p(iw) = (iw]l — Hkin)gkin(iw) = ]]., (17&)
(ZLU]l - [_Hgln])(ggmh(lw» = (ZLU]l + len)(_ngm(_W)) = ]]'7 (17b)

with Gyin p denoting the band Green’s function for the “particle-like” part, and Gyin,, for the “hole-like part”.
In the second line, we have used (1 — M)T = (1 — M7T) for matrices M and also reexpressed the “hole-like”
band Green’s function in terms of the “particle-like” band Green’s function, Gyin = Gkin,p (dropping the
subscript p).

To find the matrix elements of the Nambu-Gorkov Green’s equation, we must find the inverse of iwl —
Hpaa. As reviewed in Appendix A, the inverse of the block matrix

A B
is given by
oo A=BDUCT Al cap s
“\ —-[D-CcA'B]"lcA! [D—-CA-'B]~! . .
Here,
] ’Lw —H in _A
M =iw —Hpag = ( _ATk w + HEm > )

Correspondingly, the elements of the Nambu Green’s function are given by

—1

[GBac (iw)]1,1 = Gp(iw) = [glg}l’p(iw) - Agkin,h(iw)Aq
= (1 - gkin,p(iw’)Agkin,h(iw)AT)_1 gkin’p (1.10)
= (14 Gun (1) AGE, (i) AT) ™" Gy (i)




[Gpac (iw)]1.2 = F(iw) = —Guin p(iw) (—A) [glgjl’h(iw) — ATgkimp(iw)A}
= Ginp (1w) A [1 = Gin, (1) AT Gin (i) A - Gicin, 1 (1) (1.11)
= —Guin (iw)A [1 + ngin(—iw)ATgkin(iw)A} - Gin (—iw)
= —Gxin(iw) A [Gpac (iw)], 5

Above, Giinp(iw) = (iw — Hiin) "' = Guin(iw)(= A™1) is the particle-like Green’s function in the absence
of superconductivity, and similarly for the hole-like Gyinp(iw) = (iw + HL ) ™' = —(—iw — HL )™ =
g1, (~iw).

We typically consider the case where A is small, in which the term in brackets is unity to leading order,
i.e. [GBac(iw)]1,1 =~ Gin(iw). This approximation gives rise to the commonly used linearized gap equation.
The assumption is justified near T, where the magnitude of A is small. Higher order corrections would
correspond to higher-order terms in the Ginzburg-Landau theory [1].

1.2 Self-consistent gap equation
The interacting Bardeen-Cooper-Schreiffer (BCS) Hamiltonian is given by
1
HBCS = Z CIT [Hkin]a,a’ca’ + 5 ,Z /[V]U,V;a’,V'CLCiCV’CUU (112)

in which V describes the attractive interaction which destabilizes the Fermi surface. Above, the summations
over 0,0’ go over all internal degrees of freedom (e.g. momentum or position, orbital, valley, etc.). In the
mean-field approximation (AB ~ (A)B + A(B) — (A)(B)), the Hamiltonian reduces to

Hpcs = Yl [Hidnlo.orCor

’

o,0
L 1
+ 5 Z [V}a,v;o/,ul<6w0m>020l + 5 Z [V](T7V;UIVV/<CLCI>CII/CG'/ (1.13)
o,0’v,v! o0l
1
5 2 Wl (chel Jever)
o,0lv,v!
These averaged terms correspond to the anomalous Green’s functions, i.e. {¢,¢y) = —(cocy)= [F(T = 01|50,

consistent with Eq. (1.1). The BCS pairing order parameter is defined by the self-consistent equation,

[A]n,v = Z [V]U,V;U/W’<CV/CU’> = % ZI[V}U,V:,U’,V’ <_<CU’CV’>)

Y

% L4 (114)
= Z Vo wiorw [F(T = 07)]or 0.

Note, we have taken the 1/2 factor outside the BAG Hamiltonian, which already doubles the BCS Hamilto-
nian. To evaluate, one takes the Fourier transform and performs the Matsubara frequency summation

[A]U,u = %Z Z [V:IO',I/;O"J// e*iwn'r

iwn o,V

F(iwn)]a’,u’ (115)

=0+ [

Above, iw, = (2n + 1)7/B,n € Z is the fermion frequency.
For T =~ T, it is a good approximation to take A to be small. In other words,

F(iw) ~ —Guin (iw)AGLE (—iw), (1.16)

which is equivalent to taking [Gpac (iw)]2.2 & G (—iw). This corresponds to the linearized gap equation and
can be used, for example, to compare BCS theory to Ginzburg-Landau theory [2, 3].



2 General form of anomalous Green’s function for spin-degenerate
band Hamiltonian

We now solve for the general form spin-1/2 system considering the mean-field Hamiltonian. In this simpli-
fied scenario, we assume that the band Hamiltonians are spin-degenerate. The Green’s function of a spin
degenerate band Hamiltonian takes the form

1

Gucin (K, iw) = (iw — &kog) ™" = & (2.1)

with &k being the band dispersion and oy being the 2 x 2 identity matrix. We also assume the dispersion is
invariant under parity, {x = £_x. The pairing order parameter can be expressed as

A(k) = (do(k) +d(k) - o)(ioy), (2.2)
with dy denoting the spin-singlet pairing and d(k) being the d-vector corresponding to spin-triplet pairing.
It follows that the anomalous Green’s function simplifies as
F(K, iwn) = —Giin (K, 1) A [1 4 G i (—k, —iw) AT G (K, i) A] ' G (—k, —iw)
= —fiw— &A1 + [—iw — &) M Alfiw — & T A] T [—iw — &
1 ATA 17
w24 & w2+ &
S SN w2+ 2+ ATATTT
w2+ & w2+ &
=AW+ & +ATA] T (2.3)

In the case where ATA o 0g, i.e. a singlet superconductor or a unitary triplet superconductor, the inverse
is easily found. Here, we consider the more general case. Recall that the inverse of a general 2 x 2 matrix is

given by
_ Upopg —u-o
[UOUO +u- O'] - Z%O—ﬁ (24)

for wg,ui=1,2,3 € C. Here, we have made use of the anticommutivity of the Pauli matrices, {0, 0;} = 2d;;.
Defining o = w?+&2, it follows that (dropping the k for notation and using implied summation over repeated
indices)

o + ATA = o0 + (—ioy)(djoo + d; ;) (dooo + djo;)(ioy,)
= a0 + oy {|do|2 + (dido + dyd;)o; + did; @ ]ay
Sij+iciinon
= 0200 + 0, [|dol? + (d}do + didy)or; + |4 + ieijndf djo | oy
— o200 + [ldof* + [d[? — (d}do + i)} — ieisnd; djo]
= foop— B o (2.5)

Above, we have used o0, = —oy07 in the last equality. For shorthand, we have defined

1
Bo=w?+& +|do]* +|d> = w? + & + 5T&r(ATA)

(2.6)
By = (dzdo + de}c) + iﬁijkdfdj.
In calculating 8y, we have used the fact that
Tr[ATA] = [A];[AT]; = Ay AL (2.7)



— Tr(ATA) = Tr

—dy +id, do+d, 4 4\

—do+d. d,+id, STl
= | —dy +idy|* + |d; +idy|* + |do + d.|* + | — do + d.|?
= 2|dy | + 2|dy [* + 2|do|? + 2|d.|?)

—dy(—idy) —d (idy) +d.(—idy) +d; (idy) +do(d7) +dg(d.) —do(d;) —ds(d)

—_—— — T ———— ——— e e e ——

—a —b +a +b +c +d —cC —d

= 2(|d* + |dy[* + |do|* + [d-|?) (2.8)

The above result is generally true when you can express the pairing matrix as a superposition of the identity
matrix and traceless anticommuting matrices (as is the case for the spin-1/2 representation). For example,
consider the set of Hermitian matrices M;. The conditions follow from:

T [ (m -+ i Ma) (mo -+ my My) | = Tr[lmo[2 4+ mim (Mid;) + (mmo + mom)* M; (2.9)

should be o< §;; should be traceless

Note that the form of the inverse in Eq. (2.4) is still true for the complex conjugated Pauli matrices. It
follows that

[w2+fl2<+ATA]7l = ﬂoz_lﬁ_ﬁ[5000+ﬂ'0'*]- (2.10)

The second term in the denominator simplifies as
BB = Bibk
= |(dido + dyd) + iesjud;d; | | (dido + dydn) + iemnd; do|
= (d*-d*)(d3) +2|d*|do* + (d})*(d - d) —  €ijpeimp  didjdjdm + 2ieind;di(dido + diydy)
———

04105m —0imdj1 =0,€ijk=—€ikj
= (" - d*)(d3) + 21dP|dol* + (d5)*(d- Q) — (jd - d[* - |a]*) (2.11)
The latter term can also be expressed as (|d - d|? — |d|*) = —|d x d*|?. In other words,

(|d d? - |d|4) = didydid: — dydid;d
= d;dj(d;d; — d;d;) (2.12)
and
|d x d** = did}d} dpeijnermn
= d;id;d} dm (610 jm — Gimdj1)
= d;d;d;dj — d;d;d;d;
=—(jd-df* —|d|*) (2.13)
For the numerator, we are interested in inserting the inverse into Eq. (2.3). The terms of interest are
Alw? + & + ATA]7Y(5F — B B) = (dooo +d - o) (i) (Booo + B - o)
= (

dooo + djo;)(Booo — Brow)(ioy)
= [dofo + (drBo — dofBr)or — djBrojor](ioy)

= [ (d0Bo — duBi) +( (duBo = doB) = icjind;B1) 0u ] Ge),  (214)

Ef() Efn




in which we have defined “effective” singlet and triplet channels, fy and f (note that the units are inverse
energy). They simplify as

fo = doBo — di.Bx

1
—dy [w2 +E&+ 2Tr(ATA)} — dy | (dido + didy) + ieizud;ds |

= dq [w2 +E+ %Tr(ATA)] - [|d|2dO +(d-d)d; +i(d" x d) - d]
=0
= o + 62 + %Tr(ATA)] ~ [1ardy + (@- @y (2.15)
and

frn = dnBo — doBn — t€1kndi B

1
—d, w2+ §Tr(ATA)] —do [(d;;do Fdidy) + ieijndz‘dj} —ietnd [(dzdo + didy) + desjd;d

=dy[---] = do[ -] —i€pndidido — i€ipndididy +enip€ijrdid; d;
-0
=dy[---]—do[--] —ido(d x d*)p, + did; d;(0nid1; — 01:0n;)
=dpl---] = do[--] +ido(d* x d), + (d- d)d}, — |d|*d,, (2.16)

= f=+ {wQ + &2+ %Tr(NA)}d —d2d* — |do|?d —idy(d* x d) +idy(d* x d) + (d-d)d* — |d|*d
=+ [oﬂ + &+ %Tr(NA)}d —dgd* —|do|*d+ (d-d)d* +|d|*d
~(a-b)e—(a-c)b=—ax(bxc)
=+ {oﬂ + &2+ %Tr(NA)}d —d2d* — |do]’d — d x (d x d¥) (2.17)
Hence, the anomalous Green’s function has the form
F(k,iw) = —Alw?® + & + ATA]!
~[fo+ £ 0] (i)
2 +-62 + 4Tr(ATA)] " [(dr - d)2(d2) + 20 ldof? + (dg)2(d - ) — (Jd - [a])]

—[fo +f- a’} (ioy)
_ . (2.18)
w2+ € + ATR(ATA)] " = [(d* - d*)2(d3) + 21dP|do? + (d5)2(d - d) + |d x d*[2]
For the case of pure singlet pairing, this reduces to

. do(id ) do(id )
Fiing (K, iw) = — - =— L. 2.19
sl i) w? + & + 3 Tr(ATA) w? + E2 (2.19)

For just triplet pairing (unitary or non-unitary), the result simplifies to
- [wQ v %Tr(ATA)}d +dx (dxd)
Fip(k, iw) = 5 o (ioy)

w2+ &+ 3Tr(ATA)] 4 (|d - dP? + [d])

[wQ +E2+ %Tr(ATA)}d L (dxd)xd
=— o (ioy) (2.20)

2
w2 + €2+ 3Tr(ATA)] — ja x a2



in agreement with Ref. 1 up to a sign convention. To note, other references, e.g. Eq. (17.15) of Ref. 4, write
the anomalous Green’s function for non-unitary triplet superconductors as

(w? + & +d*)d + (d x d*) x d

ri ka ) =
Feap (e, i) @2 T B2 )@ 1+ BL)

-o(ioy), (2.21)

with By + = /¢ + (|d[? £ [d x d*]). It is quick to show that (w? 4+ Ef )(w? + Ef _) = (w? + & +[d[?)? -
|d x d*|? = (w? + & + Tr(ATA)/2)% — |d x d*|2, which agrees with the above results.

As a side note, consider the non-unitary pairing with conserved spin s, = +1. The d-vector in this case
reads d = (—A(k)/2)(¢,4,0)T, with ¢ = +. Then,

dxdf = fgm(k)ﬁ(o,o,oT

and also 1 1
d x (d x d') =~ AG)AMK) (G +,0)" = AP

It is additionally useful to note that
A* 0 A0 0 0
05 8) (0 )] -w (0 & )(

(w? + & + 5|A7)d — 5|A)Pd

o o

X )} — AR (2.22)

It follows that

AT (e i) — o

Fo ) = g - AP - (lara) T
_ (W +&)d .y
TTwrgraneE g T
4 (2.23)

(w? + &5 + A7)

which is nearly the same as that of the unitary triplet pairing, save for the denominator (which has Tr(AfA)
as opposed to Tr(ATA)/2). This can be seen as essentially projecting to the 11 or || pairing (which reduces
the space from two-dimensions to one-dimension). This is discussed more in the following section.



3 Projected Pairing

We now discuss the case in which the pairing is projected to the states at the Fermi level. This is particularly
aimed towards describing the monopole superconducting pairing [5, 6].

3.1 Effective pairing channels

We derive the effective monopole pairing order in the weak coupling limit upon projecting to the helical
band eigenstates and show the effective pairing channels inherited from the nontrivial spin texture of the
Fermi surface. Consider the general Hamiltonian of a monopole superconductor,

H in,l(k) Ainter(k)
Hraa (k) = ( AI-T( (k) —Hina(—k) )

inter

(3.1)

with Ajnter(k) describing the inter-Fermi surface pairing between Fermi surfaces FS; and FSs. Here, we
treat the inter-Fermi surface pairing potential perturbatively. Suppose that band Hamiltonians Hyin,1
and Hyin2 are diagonalized by the unitary transformations Uy (k) and Us(k) respectively. Without loss
of generalization, we define projection to the band eigenstates at the Fermi level by the idempotent matrix
P, = diag(1,0,0,---).

Note: We have chosen to arrange the states according to the energy eigenvalue without loss of
generalization. If instead, for example, projecting to some off-diagonal part (e.g. intra-Fermi
surface pairing in this case, in which e.g. A® o ¢, ) then the projection operator would be
different for the left and right side, i.e.

A(b) = P17+AP27+. (32)
The following discussion is nonetheless unchanged.

The effective pairing order written in the band-diagonal representation is given by
b *
Ak (k) = PLUY (K) Ajier (K)U3 (=K) P (3.3)
Upon transforming the projected effective pairing back to the original basis, the effective pairing order reads

Ansc (k) = U1 (A (0TS (—k) = Pi(k) Aneer (k) P (). (3.4)
Here, Pi—jo(k) = Ui(k)PJrUiT (k) describes the momentum-dependent projection operator. For example,
consider a spin-% basis and suppose that band eigenstates at the Fermi surface FS,—; 9 are given by
Ixi+ (k) = (u;(k),v;(k))T. It follows that the projection operator is

; us(Q)®  wi (ko (k)
321’2(k):<u;f(k>vi(k> [oi (k) ) (35

When the Fermi surface has nontrivial spin textures, for example when both u;(k) and v;(k) have momentum
dependence, this can lead to superconducting pairing in new spin channels which differ from that of the
original inter-Fermi surface pairing.

As an example, we show the effective spin-triplet pairing channels in the Aﬁgz_l’lzzo) monopole su-
perconducting order. To recap, we consider a system with Fermi surfaces FS; and FSs, surrounding Weyl
nodes +Ky and —K respectively, which are related by parity, Hiin,1(k) = 0, Hkin,2(—k)o,. The respective
unitary transformations which diagonalize the band Hamiltonians are given by

Vira () YVorg 1(2) )
Ui (k) = x/ﬂ( @) Y@ (3.6a)
_ Viga 1) Vor1 1(Q)
Us(—k) = \/%( V(@) Y (@) (3.6b)



in which € is the spherical coordinate, with k = k — Kyg. When inter-Fermi surface s-wave pairing is
introduced, Aipter(k) = Agioy, it follows that the effective pairing order (in the spin-1/2 basis) becomes

Ansc(k) (3.7)
:sﬁAo( Vg @Yy QY- 4 () Vi3 (B)Vigg 43 () )
Vg -1 Q) Vo gis 11 (25))] Vit s Q)Y a1 ()Y 13 ()
~ Ay — cos? 62’“ sin 0ze ik %Sin2 05, .
f%sm 0,; — sin? =+ sin O ek

Here, due to the nontrivial spin texture from the Weyl spin-orbit coupling in the band Hamiltonians, there
are contributions from the s, = %1 spin-triplet channels. Specifically, there is a local (p; + ipy)| JJ) and
(pz —ipy)| T1) pairing for which the effective magnitude varies over the Fermi surface. Near the north pole,
the (py —ipy)| 1)) pairing is more heavily weighted while the (p, —ip,)| |]) is suppressed, while the opposite
holds near the south pole. The spin-singlet channel survives but likewise has momentum-dependence from the
Weyl spin-orbit interaction in the band Hamiltonian. Moreover, the total angular momentum j, = 1,4+s, =0
is conserved. This description is consistent with the effective pairing in the helical band basis, Al\?[‘éz_l’lzzo),
which globally transforms according to conserved angular momentum I, g0, = 0 but locally has features of

a chiral p-wave superconductor, with [, j,c = £1, which arise from the induced spin-triplet channels.

3.2 Anomalous Green’s function in projected basis

We consider the case that the band Hamiltonian has spin dependence. In this case, we first write down
the anomalous Green’s function in a band-diagonal representation via a unitary transformation. In this
representation, the transformed anomalous Green’s functions take an analogous form,

F (ki) = Uyt (0)Falk, ipn) U5 T (<) (3.8)
= 60 (e ip) AL (W) [14+ 67 (k. ~ip ) AP HOGE (ki) AP ()] G (ke —ipy).

Here, the unitary transformation diagonalizes the kinetic Hamiltonian, H (k) — U~ (k) H (k)U (k) = H® (k) =
Ay (k). Similarly, iw — H(k) — U~(k)(iw — H(k))U (k) = iw — A1(k) and (iw — H(k))™* — U~ (k)(iw —
H(k))"'U(k) = (iw — A1 (k)" Hence, Gt . (k,ipn) = Uz ' (k)Ga(k, ipn)Ua(k) = (ip, — Ay (k))™" is the
Green’s function for the band Hamiltonian Hyin 1(k) evaluated in the band-diagonal representation.

Next, we project the anomalous Green’s function to the Fermi surface of interest. As pairing only occurs
between states near the Fermi surface(s) in the weak coupling regime, the band projected anomalous Green’s
function, ]-'((lbp )(k, ipn), is a good approximation of the one in band-diagonal rep and includes key physics
ingredients pertinent to the pairing we are considering.

FOP (ki) =~ (, ip) AP ()6 [1 4+ GET (i) AL G, (, ip) AL ()] G0T (e

kin,« in,a kin,« kin,«
L) (3.9)
P2+ Ei,k . .

Here, Ql((?r)w(k, ipn) = Py (ipn — A1(k)) "1 Py is the Green’s function for the band Hamiltonian Hyy, 1 (k)
evaluated in the band-diagonal representation and projected to FS; corresponding to its first band of

Hyin1(k). Here, Py = < 1o ) is the projection operator and A;(k) = diag(Ai.1(k), A1.2(k)) which is

0 0

Apros(k) 0
0 0
matrix in the projected band basis, as introduced in Sec. 3.1, and &, x is the band dispersion of the eigenstate
at the Fermi level.

the diagonal matrix of the two eigenvalues of Hyiy 1 (k). AP k) = is the effective pairing

—ipn)



We show the above form of the anomalous Green’s function explicitly below (dropping k and « and
absorbing the U(1) phase for convenience of notation):

FO(iw) = FOP) (iw)

-1
= ~G (k, i) AU [1 4 G (—k, ~ieo) AUITGED, (1, i) AU GEPY (—, —icw) (3.10)

1 Aproi(k) 0 1 |Apro; | 0 R T 0
= — | w=A(k) proj T o ) (iR (K —iw—2Az2;1(=k)
0 0 0 0 0 1 0 0

Now, suppose that A1;1k) = Ao;1(—k) = &. This may be achieved, for example, when the two Fermi surfaces
are related by parity.

—_ Aproj -t
— _ iwiEk 0 APTOJ (k) 0 1+ | 2_;'_5‘2 0 —ml—gk 0
0 0 0 0 0 1 0 0
1 w?4£2 1
—— iw—Ek 0 Aproj (k) 0 Wm 0 —iw—Exk 0
0 0 0 1 0 0

pro]

=— ( 2+€k+|ApmJ\

A®p)

in which |Ap0;2 = Tr[ACPTACP] which does not have the factor of 1/2 (because we are effectively
projecting to a 1D representation).

Note: Here, we briefly cover the Green’s function in a band-diagonal basis. Without loss of
generalization, consider a 2 x 2 Hamiltonian kernel. The projected Green’s function in the band-
diagonal basis may generally be expressed as

gkm(lpn) = Py (ip, — aog — fo) " Py
(an - a)UO + ﬁo-z
" (ipn — a)? — (2 *

_ ; (ipn - a) +8 0
a0 (312)

_ ( [ipnf%fﬁ}*l 8)

~ < lipn — [(/)\]1,1]71 8 )

This is generally true, as Py = diag(1,0,0,---) commutes with any diagonal matrix.

10



A Refresher: Inverse of block matrix and Schur complement

We present a quick math refresher to find the inverse of a square matrix. Consider the matrix
A B
C D

where A, B, C, and D are matrices. We compute the inverse by Gauss-Jordan elimination

v

0
[D—CA'B

—[D - CA'B]"\CA!

( 10 ) B ( A1+ A7'B[D - CA™1B]7tCA™!
0 1)

-1 )M

—~A-'B[D — CA~'B]™!
[D - CA-'B]"!

(A1)

(A.2)

If one were to instead start with the bottom row, then the top left matrix element would read M1_11 =

[A — BD~'C]~!. We show this equality below:

M'=A"'+A7'B[D-cA'B|7lcA™?
— A (1 +B[D - CAle]*chfl)

— A1+ B{D[l - D‘lc‘A‘lB]}_lCA‘l)

— A
— A
=A’
— A
—a(1- BD*CA*)_1

= {(1 —Bpchl)Ay1

- (A _ BD‘l(])il.

This element is defined as the Schur complement of D.

B Equation of motion theory

(

(
‘1(1+B[1+A+A2+A3+-~-}D‘1CA‘1>

(

(

A7 (14 B[1- D 'ca B 71D_1CA_1)
=A

1+ BD'CA'-BD'CA'BD'CA ' + ...

-1 1+A’+A’2+A’3+-~) =A1-A)

Here, we give a brief recap of the equation of motion theory to find the Green’s function. Recall that for the

time derivative of the time-evolved operator A is

(97—14(7') =0, (BTHAeiTH) = eTH[H’ A]eiTH = [H’ A](T)

(B.1)


https://en.wikipedia.org/wiki/Schur_complement

Consider the correlation function

Cap = —(T-A(7)B(0)) (B.2)
= —O(7)(A(7)B(0)) = xO(=7)(B(0)A(7))

in which y = + for bosonic operators and y = — for fermionic. The above is a thermal average, (---) =
%Tr(e_ﬁH ---) in which Z = e7##_ Then, the time derivative is given by

~0,Cap(r) = 0-(T-A(T)B(0)) = 0+ (- (T, A7) B(0)) (B.3)
0:[0(1)|(A(r) B(0)) + x0-[0(7)|(B(0)A(r))
+6(r) {9, A()B(0) ) + xO(~7){ B0)2, A(r) )

8(r){ AO)B(0) = xB(0)A(0) ) + (T-[H, A)(r)B(0) ) (B.4)

It is useful to have the commutation for the non-interacting Hamiltonians, which may be expressed as

H=> Hyche. (B.5)
In this case,

HCO- ZHVV CCV’,CO—]

v,v’

= Z Hu v’ (CI Cyt,y Ca T Ca] Cu’)

= Z 'HU,,,/< c Tepce + (1 — X)c,tcgcl,/ — 5,,7,,0,,/)
= Z Hu,u’( C L Cu Co + X(l - X) chV/cO' - 60,1/01/’)
o H’—/
) —x—1
= [H7 Co] = - Z HU,V’CV’ (BG)

v

Above, we have used the following relations:

cgci,
- = (xeler +0..) (B.7)
=(1- )()cic(7 — b0,

[C}Ln col=c

1_
V
T

[Cl,, co} = CyCs — CoCy
= CyCy — XCyCo (B.8)
=1 =x)evcs
[AB,C] = ABC — ACB + ACB — CAB
— A[B,C] + [A,C]B

Note in the above we have used discrete values, but it can easily be generalized to the continuum case.
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The equation of motion for the Green’s function G, o (1) = —(Tr ¢, (T)CJ;, (0)) may be expressed as

—0,Go,00(7) = 8(7) (e (0)ch, (0) = X} (0)cr (0)) + (T [H, co](r)e, (0)) (B.10)
= 5(r)(xel (0)5 (0) + do.00 = xeb (0)¢o (0)) + (To [H, e )(7)eh, (0))
= 6(T)5U,G’ + <7:'6TH ( Z HU,V’CU’> eiTHC:rT/ (0)>

= 0(T)b0r = I Houw(Tren(r)eli (0))

v

= | =0:G0.0/(T) = 6(1)00.00 + > _ HotGu.0 (7) (B.11)

Again, we reiterate that o,0’,v sum over all degrees of freedom of the system (position, orbital, spin,
particle-hole, etc.). If one expresses in matrix form, with G71G = 1, then

Gol=-0,-H (B.12)

The Green’s function is solved and should satisfy the periodic boundary conditions, G = xG(7 + ). To see
this periodic boundary condition, consider (first for the case 7 < 0 and 7 < j3)

Cap(t+ 8) = —(T-A(T + B)B(0))
= ,%Tr |:€*BH6(T+ﬁ)HA67(T+,3)HB(O):|

= flTr [eTHAe*THe*ﬁHB(O)}

=—=-Tr e*'BHB(O)eTHAefTH} (B.13)
Tr e_'BHB(O)A(T)]
= X Tt [P, (A(r)B(0))]

= XxCap(T+ B)

in which Z = exp(—(H).
For an interacting system, one employs Wick’s theorem to reduce the n-particle correlation functions to
many 2-body correlation functions. The theorem may be proved using the equation of motion theory.
Often, one works in the imaginary frequency space, which is defined by the Fourier transforms:

B
G(iwy) = /0 dre"n"G(7) (B.14a)
G(T)=% D> e TG (iwy) (B.14b)

given that the Green’s function is defined on the interval 0 < 7 < 3, over which it is periodic. Above,

2mn
n bosons)
o fm
W = 9 (2n . B.15
{ % (fermions) ( )
for integers n. Substituting the Fourier transform into G=1(7), one recovers
g—l =jw, —H (B.16)

as expected.
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C Matsubara frequency summation

We provide a brief recap of the Matsubara frequency summation. Generally, after Fourier transforming from
the 7-domain to imaginary frequency, one ends up with a function of the form %ZW g(iwy), where the
summation is over Matsubara frequencies.

Here, we employ the Cauchy residue theorem, in which

o 7( d=f (> ;Res[f(zn)], (C.1)

in which the summation is over the poles in the complex plane. In this case, it is convenient to express f(z)
as the product of two functions f(z) = g(z)n(z) in which n(z) has poles at the Matsubara frequencies with
residue /3. In that case,

or: 1 42(2) = S Reslo(enn(et) + Y- Resfn(i)Jg(icn)]
=Y Res[g(z,)In Z gliwn)

Wn,

(C.2)

in which we have split the summation between the poles of g(z) and the poles of n(z) corresponding to the
Matsubara frequencies.

It is apparent that the Fermi-Dirac and Bose-Einstein distributions satisfy the requirements. Recall that
iw, = 2mn/B and w(n + 1)/ for bosons and fermions respectively. Near a pole z,, = 6z + iw,, n(z) may be
expressed as

. 1
(02 Fiwn) = s
- 1 (©3)
x(1+pBéz+---)—x )
1
 xpBéz
in which x = +1refers to the boson case and y = —1 the fermion case. As such,
. 1
Res[ny (iwn,)] = XB (C4)

Therefore, one may reexpress the sum as

3 Zg (iwy) = X—]{dzf XZRes [9(zn)]ny (2n) (C.5)

ZUJ"

in which the integral vanishes as the contour is taken to infinity (which is true if f(z) decays faster than

1/2).
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