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1 Schrieffer-Wolff transformation

Here, we first give a general derivation of the Schrieffer-Wolff transformation! 3. We will focus on the

derivation of the transformation from a Green’s function approach, which is analogous to the T-matrix
method.
Consider two subspaces A and B described by the following Hamiltonian,

H=H,+%. (1.1)
Here,
_( Ha
L 0
represents the two uncoupled subspaces A and B and is thus block-diagonal. The hybridization of the two
subspaces is off-diagonal and given by
Vap
3= . 1.3
(v ™) (1.3

The main goal of the Schrieffer-Wolff transformation is to find an effective Hamiltonian which is block-
diagonal by performing a perturbative expansion in X, i.e.

_( Ha Vap -~ (Hy O
H_<VBA HB>HH_( 0 HB>’ (14)

in which H4 and Hp are effective Hamiltonians for subspaces A and B. One then projects to a single
subspace, with the effective Hamiltonian now containing contributions from fluctuations from the other
subspace, which enter via the off-diagonal coupling X.



We now want to use this T-matrix expansion to derive an effective Hamiltonian for a given subspace.
Let us derive the effective Hamiltonian H 4 without loss of generality. Consider the Green’s function

Giw) = (iw — H) ™' = ( %EZ; g;fﬁ;% ) . (1.5)

We are interested in projecting to an effective Hamiltonian H,4 for subspace A. We define an effective
Hamiltonian for the A subspace by

Ga(iw) = (iw — Ha(iw)) ™t (1.6)
As shown in Appendix A, it follows that
Ga(iw) = (iw — Ha — VapGp(iw)Vpa) ™" (1.7)
in which
Gp(iw) = (iw — Hp) ™! (1.8)

is the free Green’s function for subsystem B. It follows that the effective Hamiltonian is given by

HA(iw) :HA+VABg3(i0J)VBA. (1.9)
—_—

EAHA

This is a generalized second-order perturbation theory which contains the effects of the fluctuations in
subsystem B in subsystem A. This is in fact equivalent to the Schrieffer-Wolff transformation, which instead
derives the effective Hamiltonian using a canonical transformation and then projects to subspace A!. For
higher-order corrections, one can consider corrections to Gp(iw) coming from the self-energy terms. An
important note here is that iw = E +in refers to the energy of the entire system (both A and B subsystems).

1.1 Example: Diagonal subspaces

Suppose that the two subspaces are diagonal, satisfying (Ha)aar = Eféa@/ and (Hp)pw = Efébyb/. For
clarity, we use subscripts a and b to denote the degrees for subsystems A and B respectively. It follows that

. Op,br
)y = — 1.10
Gy = 75 (1.10)

As such, the effective Hamiltonian for subsystem A is given by
[Halow = [Halaw + § Vaslab[Voaloa (1.11)

iw— EP ’

which contains the summation over intermediate states with energy Ef” . This may also be rewritten as

- (a|Vap|b){(b|VBala
(a|H Ald) = (a|Hala') +Z 'AZ‘F;BBA' 0, (1.12)

Here, we see that we are projecting to intermediate states {|b)} of subsystem B.

2 Application: Relation of Anderson and Kondo Hamiltonians

Using the effective Hamiltonian in Eq. (1.9), we derive the Kondo model from the Anderson model. Consider
the Anderson model,

HAnderson = Hitinerant + Hlocal + thbridization- (21)



Here, Hitinerant describes itinerant electrons, Higcal localized states, and Hyybridization the hybridization be-
tween the two. These correspond to H4, Hp, and ¥ respectively in Eq. (1.1). We consider the simplest case:
spin-degenerate itinerant bands and localized f-electrons,

1t1nerant Z Ckgfkck o (223,)
Hiocal = fforgfra-i-UZnMnm (2.2b)

For a given orbital of f-electrons, the state can be unoccupied (Eigcal = 0), singly-occupied (Eiocal = £¢), or
doubly occupied (Eiocal = 265 + U). The hybridization of itinerant and local electron moments is given by

Hygbridization =V + V7 (2.3)
in which
V= Z (UkCTk’O-fmo' + vﬁflockﬁ) (2.4)
k,r,o

is the spin-independent off-diagonal coupling. Here, we keep both parts such that V is Hermitian. We
assume weak coupling, treating Hyybridization Perturbatively.
From Eq. (1.11), the effective Hamiltonian for itinerant electrons is given by

~ v a VT a’
[Hitinerant]a,a/ = [Hitinerant]a,a’ + M
w— By

b=0,1,2

(2.5)

We note that subscripts a and o’ refer to many-body states of subsystem A. Using the form of the coupling,
we have

(vkckofro+karoCkU)Pb<Uk’Ck/ fr/ ’+Uk/fj/ 1Ck/ />

[AHltmerant a’ — ‘ Z Z |a'>
f
b kr,ok 0 iw— B,
s s (el i)
= {a a
. f
b k,rok 0 iw — Ej
VKUK (CLgfr,a) P, (CL/J'fr’,U’) + Vv (fr o Ck, o)Pb (f / /Ck/,a'>
+ald Y —
b kr,ok o iw— Ey
(2.6)

Above, P, = |b)(b| projects to state |b) of subsystem B. We will disregard the latter contribution, which
involves changing the particle number in both subsystems. Under assumption that the systems do not
conserve particle number (e.g. a superconducting system), this term can be nonvanishing.

We next use the following identity,

1
dar0pn = ) (5al35w/ tOap- Unw)- (2.7)

This can be seen from decomposing a 2 X 2 matrix as

1 1

1
= Myy0ay0py = §Mwn (57715«16 t oy Uaﬁ) (2.8)

We additionally use the anticommutativity, e.g. {fr o, f;[,ﬁ,} = 0rr 05,0 The interaction terms can be
reexpressed as follows:



Term I:

(c;r(,afr,a> (f:/ﬁcw,ﬁ) = Z (c£7afr77) (f;r,mck/ﬁ)(;a,yéﬁn

m
= Z (CL,aCk’ﬁ fry J/,n )5a75ﬁn
n ——
‘S'ynérr/ 7f:/)nfr,'y
= cf{’ack,,gdag&ryr/ — Z { (Clt,ack’,ﬁfj/,nfrw> 50475577 }
v N——

Eq. (2.7)

1 1
= Clah 30apdes = 5 D (CLJk@a) (f:/,nfrm>5aﬁ 52 (CLJaBCk&B) ' (fjf,no'nvfrﬁ> (2.9)
n

N

Term II:

(Flacka) (clopfins) = Fafesdasdire = (clo pecatiatis)

= [l aferabapdici — (Ci’,ﬁck,afl'yf!"W) dar0py
——

Baq. (2.7)
1 1
= fl ot adapdic — 3 > (Cﬂf,ack,a) (fj,vfr’ﬁ)(saﬁ —3 > (CL,ﬁUaﬂCk,a) : (fj,wa'mfr’ﬁ>}
vy N
1 1
= [l afrradapdicr — 3 > (Cﬂf,ack,a) (fj,vfr’ﬁ)(saﬁ ~3 > (CL,ﬁo',Backﬂ) : (ﬁ,yavnfr’,v>} (2.10)
vy N

In the last equality, we have used the fact that o1 = (o, —0y,0;), and 0480y, = Ogq - Ory. We define
the spin of the local f electron as

Oq
> flaTﬂfr'»B = S5 (r)deer- (2.11)
af

2.1 System at half-filling

To simplify, we consider a system in which f-electrons are at half-filling in the strong U limit (U > 0), such

that all sites are singly-occupied by f-electrons. We take fla frr,8 = Oprr0qp for simplicity. As such, the two
terms reduce to

1 1
(CL,afr,a> (fj’,ﬁck'ﬁ) = ka0l 0ap — 5 ) (Cch,ao'aﬂck’,B> ' (fjf,nffmfr,w) (2.12a)
vn
1 1
(flacka) (Ci,ﬁfw,ﬁ) - _§CL/’aCk,a6rr’5aﬂ ~3 Z (CL’QO'BQC]()Q) . (fjﬁoumf,w) + Op 10050k k!
YN
(2.12b)

It is important to note the difference in the overall sign of the first term. Above, we see that the hybridization
includes a residual scattering term and also a Kondo-like coupling between ¢ and f electrons.

Now, we determine the coefficients in the couplings. There are three intermediate states for subsystem
b, which we label below:

%) = Biocal = 0 (unoccupied)
IfY = Blocal = & (singly occupied) (2.13)
|f2) — Eigeal =265+ U (doubly occupied).



Under our simplification, subsystem B starts in state |f1), and intermediate states are |f°) and |f2). This
leads to

o : 5 oy
iw— Ej —(§k+§f+“7)_{2§f—|—(] (b=2)

_{£k+§f+m (b=0)

& =& —U+1in (b:2) (2.14)

We make the assumption that £ > &k and can disregard £k to leading order. From Eq. (2.6), we have (only
keeping the particle-number-preserving contribution)

VKU (CIJLUf],‘7 )Pf2 (fr/ 'Ck’,a/> + v (fr o Ck, U)P]m (Ck, e />
iw — EI{

[AHltmerdnt ‘ Z Z
b=0,2 k,r,o;k’ ,xr’ 0’
(a Y “%Ghﬁ)ﬂ4ﬁww/) v (Flocwe ) Pro (el ”’)|q
~ (a + a
=& — 9

k,r,o;k’,r’',0’

(2.15)

We see above that the first contribution involves double occupancy of f-orbitals as an intermediate state,
whereas the second term involves unoccupied f-orbitals as its intermediate state. From Eq. (2.12), we have

[AHltmerant a,a’ = Z Z ( k k/ (Ck o aBCk, ) ' Sf(r)> ‘a/>

sl (2.16)
+ {a| Z Z ( (k, k") ck WOk, )a’) + const.
kk/,a r
in which ) )
Tk, K) ~ vt ( + ) 2.17
k) = iy (g + @)
and
K(k, k') = vyvg < ! 1> (2.18)
’ KNG -U & '

The first contribution is exactly that of the Kondo model, whereas the second term is remnant spin-
independent scattering off of localized f states.

For a system with U > |{f], in which & < 0, it follows that J(k,k’) > 0 indicating antiferromagnetic
coupling. Secondly, when the f-electrons have a particle-hole symmetric spectrum, with two bands |{¢| and
—|¢s| and U = 2|¢;|, the second term vanishes.

Typically, one only considers the Kondo-like term, and we can drop the k-dependence of the coupling
constant. We also suppose that the Kondo coupling is local. Fourier transforming and disregarding the
momentum dependence of the Kondo coupling gives the familiar form,

Hxondo = ngcliack,a + JZ Z Ciaaaﬁcr,ﬁ : Sf(r)' (219)
ko r o,



A Refresher: Inverse of block matrix and Schur complement

We present a quick math refresher to find the inverse of a square matrix. Consider the matrix

A B
u-(48) )
where A, B, C, and D are matrices. We compute the inverse by Gauss-Jordan elimination
M=1M
A B 10
( C D > = ( 0 1 >M
1 A'BY\ [Ato
C D o 0 1
1 A'B (A o (A.2)
0 D-CA'B ]~ \ —CcA!
1 A 1B AL 0 Y
0 —[D—-CA™1B]"lCA~' [D-CA™'B]!

1 0 _ (A +A'BD-CAT'B]7'CA™ —AT'BD-CA'BI™H )
0 1) —[D—CA'B]"1CA™! [D - CA-'B]"!

If one were to instead start with the bottom row, then the top left matrix element would read M1_11 =
[A — BD~'C]~!. We show this equality below:
M'=A"'+A7'B[D-cA™'B|7lcA™?
— A (1 +B[D - CAle]*chfl)
-1
1+ B{D[ D—ch—lB]} CA—l)

Y1+ B[1-pca B 71D—1(JA—1)
D CA" B

=47
— A (
=A‘1(1+B[1+A+;2+A3+-~-}D—1CA—1)
=47 (1+BD7'cA” —BD AT BDTICAT ) (A.3)
— a7 (1447 + =2;2+A’3+--->_A1(1A’)1
:14*1(1—31)*1014*1)_1
{(1—BD 1oA- )A}_l
= (a- BD‘lC)il

This element is defined as the Schur complement of D.

B Refresher: Dyson’s Equation

Consider the Green’s functions

G(iw) = (iw — H) ™' = (iw — Hy — %)+ (B.1)


https://en.wikipedia.org/wiki/Schur_complement

Consider the following expansion (taking G(iw) — G for simplicity),
G(iw) = (iw — Hy —%) 7"
Gyt
=(1-GoX) 'Go
= (14 (G0%) + G2+ )o
= Go + G050 (14 (SGo) + (5G0)* + -+ )

=(1-%Go)~"
=G0+ G2 (G, —-%)! (B.2)
=G
This yields Dyson’s equation,
G(iw) = Go(iw) + Go(iw) LG (iw) (B.3)
which can equivalently be expressed as
G(i) = Go(its) + Go (i) (i) G (iw), (B4)
with _ -
Y (iw) = 2G(iw)Gy H(iw) = B + BGo (iw) B (iw) (B.5)

serving as the T-matrix. Here, the bare Green’s function (in absence of subspace coupling) is given by

Go(iw) = (iw — Ho) ™' = < Ga(iw) (B.6)

QB(iw) > ’
in which G(iw) = (iw — Ha)~! and Gp(iw) = (iw — Hg) L.
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